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Abstract. Statistical
tests for the null-hypothesis that a symbolic seth

quence has n Markov order, based on Monte-Carlo resampling methods, are outlined. One such test is applied to binary and heptary representation of interspike interval sequences of an electroreceptor of the
weakly electric eel Apteronotus leptorhynchus and a generic model of this
sensory neuron.

1 Introduction
The analysis of a symbolic (discrete) representation of an otherwise continuous
data set may have several advantages such as decreased statistical uctuations
in estimation and inference problems. In general the selection of a partition for
coarse-graining a continuous data set is not trivial in the sense that the properties of the resulting symbolic sequence depend on the partition chosen. However,
in certain cases one may be able to select meaningful partitions on the basis
of physi(ologi)cal arguments that highlight some features of the data set while
eectively assuming that other structures are due to, in a particular context, uninteresting uctuations. Furthermore, one could also use discrete representations
for model validation for instance.
A subject of interest in the neurosciences is the correlation structure and information content of sequences of neural interspike intervals (ISI) 2, 6, 8]. When
treating ISI sequences as discrete Markov chains, the order provides important
complementary information on the correlation structure in a data set and may
thus shed light on information coding in (sensory) neural spike trains.

2 Markov Chains
Assume that a symbolic sequence fxi gNi=1 where xi 2 fA1      A g (the alphabet) is a discrete Markov chain. We will call a sequence composed of independent
identically distributed (iid) elements to be of 0th Markov order. One can further
dene nth order (n >
= 1) Markov sequences through the nth order (conditional)

transition probabilities which have the property that
p(ai jai;m      ai;n     ai;1) = p(ai jai;n     ai;1)
for m  n and satisfy

X p(aijai;n     ai; ) = 1:
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The transition probabilities can be conveniently assembled in the transition probability matrix Pn.
The maximum-likelihood sample estimates of the joint- and conditional probabilities are estimated using the nth order counts na ; a which denote the
number of overlapping tuples ai;n     ai present in the (circular) data set:
n
(3)
p(ai;n     ai) = a ;Na
n
p(ai jai;n     ai;1) = an ; a ;1 a
(4)
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For an nth order Markov discrete Markov process the nth order counts are a
sucient statistic for the transition matrix dening such process.

3 Symbolic Surrogate Data
The surrogate data procedure for testing the Markov order consists rst in specifying a null hypothesis H0 ("the data are of nth Markov order") which denes
the model sought to be rejected as a candidate for the data. Further, a number
of realizations B of the H0 process is generated (the surrogate data) which
mimic the H0 properties of the data as closely as possible so as to optimize the
test performance. A test statistic S is selected which is sensitive to properties
of higher Markov order than that of the H0 and thus can be used to detect
dierences between S d of the data set and the ensemble of Sis of the surrogates.
In this study the (n + 1)st order conditional entropy hn+1 10] is used as the
test statistic which allows for one-sided testing since hn+1  hn 8]. S d is ranked
r
with respect to the ensemble fSis gBi=1 and the rank r determines the p-value B+1
at which the H0 can be rejected.
An important property of tests is the power : the probability of correctly
rejecting the H0 at a certain signicance level p. When the H0 is incorrectly not
rejected a Type II error occurs. The prespecied probability of rejecting the H0
when the data actually comply to the H0 (a Type I error) is called the nominal
size of the test. In practice both the observed power and true size are dependent
on the data set that is tested and the way the surrogate data are generated.
In statistical inference it is often attempted to eliminate the inuence of
nuisance parameters by conditioning on a sucient statistic under the H0. Conditioning often results in tests that have increased power and a true size that
better approximates the nominal size p (see 12] for an example and 9] for an

review on conditioning in inference). We outline two methods for testing the
H0 of nth Markov order called the typical realizations surrogates (TRS) and the
constrained probabilities surrogates (CPS) method. These methods are described
in more detail in 5].

Typical Realization Surrogates Typical nth order surrogate data are obtained by tting the "best" nth order model (in the maximum-likelihood sense)
Pdn to the data and then use this model to generate surrogate realizations. Note,
however, that the Psn of a surrogate sequence is in general not identical to Pdn
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of the original data due to statistical uctuations. This means we have not conditioned on a sucient statistic under the H0.

b

Constrained Surrogate Probabilities The constrained surrogate probabilities method yields a set of counts of order n + 1, used to estimate Psn+1 of the
th

surrogate data, which has identical n order sample Markov properties as the
original data.
We construct the CPS from the original data set by rst extracting all N
(n + 1)st order tuples (ai      ai+n+2) of length n + 2. These tuples contain
information of at most Markov order n + 1. With this set of tuples one can
estimate all sample probabilities of order less than or equal to n+1 by selecting,
at the same location in all tuples, subsets of the appropriate length.
We now construct a surrogate set of tuples by rst splitting the set of n + 2tuples fai     ai+n+2 g into 2 new sets of n + 1-tuples: fai     ai+n+1g and
fai+1     ai+n+2g. Next, the surrogate set of n + 2-tuples is constructed by
taking (without replacement) a n + 1-tuple (ai      ai+n+1) from the rst set of
n+1 tuples. Then a second tuple (ai+1      ai+n+2) is randomly drawn (without
replacement) from the second set, where the elements ai+1      ai+n+1 of the
second tuple match the corresponding ones of the rst tuple. In other words, the
last n elements in the rst n + 1-tuple are identical to the rst n in the second
n + 1-tuple. Thus we have conditioned on a sucient statistic under the H0.
A similar method had been described in 8] which does not however condition
exactly on lower Markov order sample properties because the element ai+n+2 is
drawn with replacement from the 0th order sample distribution of fxigNi=1 .

Power and Size Power and size of the TRS and CPS tests were evaluated us-

ing binary and heptary (number of elements in the alphabet  = 7) test data of
known order and length N = 512. Test data were generated using randomly constructed transition matrices. Size and power were estimate using 1000 dierent
models of known order. The order of the test data for evaluating the power was
always 1 larger than the order of the H0. The H0 was rejected at a signicance
value of 0:05 using B = 19 surrogate data sets for each test. The estimated
power and size can thus be considered averages over a set of all Markov models
of a given order. We took measures to avoid generating test data with too strong

correlations since our simulations showed that highly correlated data (with correlation lengths of the order of the length of the test data) yielded many false
rejections of the H0 (Type I errors).
Typical Realization Surrogates

Table 1. Estimation of the power and size of the typical realization surrogate

test for the binary and heptary suddogate data. Test parameters are given in
the text.
H0
=2

0

1

2

3

4

5

0.46

0.53

0.55

0.50

0.32

0.08

Power 0.00 0.00 0.00 0.00 0.00 0.00
Size
=7
Power 0.85 0.13 1.00 1.00 1.00
Size
0.00 0.00 0.00 0.00 0.00
The size of the TRS test is always much smaller than the the nominal size
arguably to a lack of conditioning on the nuisance parameters 12] and resulting
in a lower power compared to the CPS test (see further). Initially the power of
the test increases as the Markov order of the H0 increases followed by a decrease
in power due to nite sample eects which can be reduced using suciently long
sequences. For higher values of  (or smaller data sets) the size and the power
can attain analomous values close to 1 due to the occurrence of extremely sparse
transition matrices Pn.

b

Constrained Probability Surrogates The results of applying the CPS to the test
data indicate that the CPS is an accurate test: the size of the CPS test is
always approximately equal to the nominal value of 0:05, even for very short
data sets or heptary data. The power of this test is consistently larger than that
of the TRS method, and the CPS method does not suer from nite sample
eects to the extend the TRS method does. Therefor, we will use the constrained
probabilities method for estimating the Markov order of the neural ISI sequences
in the remainder of this paper.

Table 2. Estimation of the power and size of the constrained probabilities surro-

gate test for the binary and heptary suddogate data. Test parameters are given
in the text.
H0
=2

0

1

2

3

4

5

0.72

0.86

0.91

0.93

0.93

0.84

Power 0.04 0.05 0.06 0.05 0.06 0.05
Size
=7
Power 0.96 0.60 0.21 0.07 0.05
Size
0.05 0.06 0.05 0.04 0.06

4 Application to Experimental and Model ISI Data
4.1 Experimental Data
We apply the CPS test for Markov order to symbolic representations of ISI
sequences which have previously been analyzed in detail in 6]. The experimental
ISI sequence was recorded in-vivo from a bursting P-type electroreceptor 13]
of a weakly electric eel Apteronotus leptorhynchus 4] in the absence of moving
environmental disturbances. This sh uses its electrical organ to generate a quasisinusoidal (660 Hz) electrical eld: the electric organ discharge (EOD). The
(reected) EOD eld is picked up by electroreceptors covering the body of the
sh and used for electrolocation and electrocommunication. The electroreceptors
have a high probability of ring at a preferred phase of the EOD and the ISIs are
approximately equal to the EOD period. Often one or more periods are skipped,
as can be seen from the banded structure of the plot of the raw data in Fig. 1.

4.2 Model
A generic model of this system can be constructed using a periodically driven
noisy Fitzhugh-Nagumo excitable system 7]:
 dv
dt = v(v ; a)(1 ; v) ; w + b + r sin(t) + (t)
dw = v ; dw
dt
d = ;l + (t):
dt
where the periodic forcing r sin(t) is applied to the voltage variable v and (t)
is Gaussian iid noise such that (t) is an Ornstein-Uhlenbeck process with an

autocorrelation determined by the value of l. The exact values of the parameters
are given in 7] and were adapted so as to give maximal similarity to the experimental data on visual inspection. It is of interest to investigate what aspects of
the electroreceptor behavior can be reproduced by the model.

4.3 Coarse-Graining

The question as to the properties of the skipping behavior may be addressed
by coarse-graining the sample-space into symbols corresponding to the integer
number of the EOD periods in an interval. Thus each interval is mapped onto
a symbol representing the number of skipped periods in an interval and for this
data set we obtain a heptary symbol sequence by applying the partition indicated
by the dotted lines in Fig. 1.
Properties of uctuations within a band may be investigated by making a
binary partition within each band with respect to the mean interval length within
a band (dashed lines in Fig. 1). The resulting binary symbol sequences thus
contains information on in-band ring properties and may be seen as binary
representations of the \interval deviates" in 6].

4.4 Results

For both the continuous and the symbolic sequences we display the (linear)
autocorrelation time as the lag beyond which the autocorrelation function is not
signicantly dierent from 0 anymore (see also 6]). The results of the analysis
of the symbolic representations of the ISI data are displayed in Table 3. All
analyses were performed using sequences of length 9165.

Autocorrelations For the experimental ISI data the autocorrelation between

neighboring intervals and symbols is negative for a lag of 1 and slightly positively correlated at lag 2 for the binary case only. The heptary and continuous
data show no signicant autocorrelations beyond a lag of 1. The continuous and
heptary model data are not at all autocorrelated, whereas the binary model data
show only a small negative autocorrelation at lag 1. Thus we can conclude that
the model presented here does not capture all linear correlations present in the
experimental ISI sequence.

Markov Order When using a signicance level of 0:01 for rejecting the H0

and B = 999 suroogate data in testing we estimate the Markov order of the
experimental data to be at least 4 for both the binary and heptary sequences.
The discrete model ISI sequences have a Markov order of 2 and 0 for the binary
and heptary case respectively. We remark that we do not consider the rejection of
the H0 of 4th Markov order for the heptary model sequence as valid since we were
unable to reject all smaller order. We suspect that this is either an uncommon
statistical uctuation or the result of unknown properties of the data set. In
fact there are no solid statistical arguments to decide wether the rejection of 4th
Markov order is \valid" or not.

Nonlinearity The large Markov order compared to the relatively short (linear)

autocorrelations, especially for the experimental ISI sequence, are not necessarily
in conict with each other. Markov models incorporate not only linear structure,
and high order Markov models may be constructed with a short autocorrelation
time. Furthermore, it is consistent with the hypothesis that nonlinear structure
is present in the sequences (see also Longtin 6, 7]).
Table 3. Summary of the results of the analysis of the experimental and model
ISI sequences. The autocorrelation time (ACT), dened here as the lag beyond
which the autocorrelation function was not signicantly dierent from 0, was
estimated for the discrete, as well as the continuous sequences. It is expressed in
the number of samples. The Markov order of both discrete representations was
estimated. Displayed are the p-values obtained.

type
cell

 ACT 0
2 2
< 0.01
7 1
< 0.01
cont. 1
model 2 1 < 0.01
7 0
0.12
cont. 0

5 Discussion

1

2

3

4

5

< 0.01
< 0.01

< 0.01
< 0.01

< 0.01
< 0.01

0.51
0.40

0.74
-

< 0.01
0.53

0.05
0.13

0.21
0.17

0.94
< 0.01

0.75
-

In this study we outlined two symbolic surrogate tests for estimating the Markov
order of discrete sequences. The application of the symbolic surrogate data tests
is straightforward and especially suited to analyze short data sets. Conditioning
on a sucient statistic under the H0 in this problem results in increased power
and a more accurate test compared to the unconditional case, as well as better
nite sample properties. We furthermore analyzed ISI sequences from a sensory
neuron as well as a generic model of this cell. The coarse-graining of the samplespace allows us to focus on specic features of the data.
All experimental ISI data as well as the binary representation of the model
data displayed negative linear correlation between subsequent intervals. Thus,
long intervals are predominately followed by short ones and vice versa or in the
case of the binary representations: ring prior to the mean preferred phase was
often followed by ring after the mean preferred phase of EOD. The negative
correlations between neighboring symbols in the binary representation of the
experimental ISI data are simply the result of the phase-locking of the receptor
activity to the EOD. These linear correlation properties are to some extend
reproduced by the model, as can be expected.
The skipping behavior of the electroreceptor (studied using the heptary sequences) displayed only short linear anticorrelations at lag 1 probably due to
membrane currents or intracellular processes with a relatively long time constant such as currents underlying the refractory period. In contrast, the heptary

model data showed no autocorrelations and was indistinguishable from an iid
heptary sequence. Thus, the model failed to capture salient autocorrelation features of the experimental data.
The Markov orders of the symbolic representations of the experimental as well
as the model ISI sequences are all larger than the corresponding autocorrelation
times suggesting nonlinear structure in the ISI generating mechanisms. They
may be the results of correlations already present in the EOD 6] 5 as well as
processes on cellular level with a time constant much longer than the EOD period
such as intracellular messenger dynamics.
More detailed interpretations of the nature of the higher order structure in
the coarse-grained data remains speculative but could perhaps be related to
recent reports on adaptive processes in electrosensory systems of Apteronotus
leptorhynchus on time scales of minutes 1] and the absence of a clear time scale
of the adaptation of the spike rate in response to step stimuli of the P-type
electroreceptor 13].
We conclude that the symbolic surrogate method is a useful tool for statistical
inference on discrete data sets in the natural science such as DNA or languages.
Although many experimental data are not discrete and the choice of a partition
determines to some extend the properties of the resulting symbolic sequence,
one can make a meaningful partition of the sample space to highlight certain
features of the data set. The validation of biophysical models using methods such
as proposed here is promising and may provided more insight into the questions
of coding in neural systems and information content of (sensory) spike trains.
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Fig. 1. Raw data set of interspike intervals of the electroreceptor of the electric eel

(top) and of the model (bottom). Plotted are only the rst 2048 data points (out of
a total of 9165). The horizontal lines indicate the partitioning of the data into binary
(dashed lines) and heptary data (dotted lines). The range of EOD periods (see text)
skipped in the model data is larger than for the electroreceptor. The few ISI's that
are larger than 7 EOD periods in the model data are all assigned the same symbol
corresponding to a 7-EOD-period ISI.
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